: Spectral-finite element approach to postseismic relaxation in a spherical compressible Earth: application to gravity changes due to the
There are three mechanisms representing post-seismic deformation: (1) afterslip is considered to explain the relatively short-term deformation that occurs during the first few years after an earthquake. Afterslip is a slow fault slip and its space-time distribution can be inferred by a kinematic inversion of geodetic data based on an elastic dislocation theory. Afterslip usually occurs around the coseismic slip area (i.e. asperity; Ozawa et al. 2004) , which is consistent with the frictional properties of rocks that have been confirmed by laboratory experiments (Sholz 1998). (2) Another mechanism to explain the short-term deformation is poroelastic rebound (e.g. Peltzer et al. 1998; Jonsson et al. 2003; Hughes et al. 2010) . The coseismic deformation instantaneously creates a pressure gradient within the crust. Subsequently, transient fluid flow occurs along the pressure gradient, which results in transient crustal deformation. Usually, poroelastic rebound is dominant near the surface where groundwater is ample. However, recent findings suggest that poroelastic rebound (or diffusion of water) occurs also in the mantle (Ogawa & Heki 2007) . (3) Longer-term crustal deformation that continues over several decades is considered to be driven by viscoelastic relaxation. In contrast to afterslip, this mechanism does not accompany a fault slip. The coseismic deformation yields a stress change in the viscously weak layers which are present in the lower crust and upper mantle. These stress changes relax gradually with time until new equilibrium state under the gravity field (i.e. isostasy) is reached which leads to a specific deformation field in the crust and mantle.
The deformations caused by each of these mechanism can be modelled and compared with observation data. It is common to combine more than one mechanism. The combination of afterslip and viscoelastic relaxation has been employed to explain crustal deformations caused by the large thrust-type events that occurred on plate subduction boundaries (e.g. Thatcher & Rundle 1984) . For a shallower inland earthquake with a smaller magnitude, the three mechanisms can be separated relatively easily, because the coseismic deformation concentrates in the crust whereas the deformation in the asthenosphere is smaller and, so, viscoelastic relaxation tends to be less dominant. A typical surface deformation pattern that is caused by poroelastic rebound is opposite to that by afterslip, which can be effectively discerned by Interferometric Satellite Aperture Radar (InSAR; Jonsson et al. 2003; Barbot & Fialko 2010) . However, great thrust-type earthquakes show a different behaviour. The epicentre is often surrounded by the ocean, where land observation sites cannot be deployed. The wavelength of the deformation tends to be larger than the size of the land, which precludes separation of spatial patterns. Consequently, it becomes difficult to separate the different mechanisms, for example when increasing the contribution of afterslip, that of viscoelastic relaxation must be decreased, and vice versa.
Satellite gravity data are useful when extending the spatial coverage for detecting the wide-range deformation caused by great earthquakes. The Gravity Recovery and Climate Experiment (GRACE) mission (Tapley et al. 2004 ) provides a monthly gravity change since 2002 with wavelengths greater than ∼400 km in the form of Stokes' coefficients. Although the temporal resolution of 1 month is lower than that of GNSS (1 d or shorter), the gravity variation is observed not only over the land but also at the ocean, with a precision of ∼1 µGal (=10 −8 ms −2 ). Co-and post-seismic gravity variations have been identified using GRACE data (e.g. Han et al. 2006; Chen et al. 2007; de Linage et al. 2009; Matsuo & Heki 2011; Wang et al. 2012b) . Mechanisms of post-seismic deformation by the 2004 Sumatra event have been discussed, using GNSS and GRACE data (e.g. Hashimoto et al. 2006; Pollitz et al. 2006; Chlieh et al. 2007; Ogawa & Heki 2007; Panet et al. 2007; Han et al. 2008; Hughes et al. 2010; Panet et al. 2010; Hoechner et al. 2011; Paul et al. 2012) where afterslip and viscoelastic relaxation are proposed as the dominant mechanism. Nevertheless, a consensus has not yet been reached regarding their respective contributions (see also Section 4) and while the accumulated effect up to present might be small for the 2010 Maule and the 2011 Tohoku events, most studies focused on the analysis of these events concentrate on afterslip.
In order to estimate large-scale post-seismic deformations with wavelengths greater than 100 km, the effects of self-gravitation and curvature of the Earth are not negligible (Sun & Okubo 1993) . Therefore, many of the above-mentioned papers have calculated the deformation due to the 2004 Sumatra event with a spherical earth model (e.g. Sun & Okubo 1993; Pollitz 1997; Cambiotti et al. 2011) . Effects of 3-D viscoelastic structures on displacement fields are also studied using a spherical model . Whereas in some studies (e.g. Piersanti et al. 1995; Pollitz 1997) , terms representing the effects of compressibility and self-gravitation have been approximated, Tanaka et al. (2006 Tanaka et al. ( , 2007 solved the governing equations without approximations which were already discussed by Peltier (1974) for a spherically symmetric viscoelastic structure by a different integration method. Similarly, Cambiotti et al. (2009) and Cambiotti & Sabadini (2010) calculated viscoelastic relaxation caused by a surface load for the same governing equations. Cambiotti et al. (2011) applied the method of Cambiotti et al. (2009) to the coseismic gravity variation caused by the 2004 Sumatra earthquake and showed that the vertical displacement and the resulting sea-level feedback could be reproduced when taking into account compressibility. Their method has not yet been applied to post-seismic deformation. Based on the theory of Martinec (2000) , Tanaka et al. (2011) solved the surface-loading problem for a laterally heterogeneous viscosity distribution for a compressible continuum. In this spectral-finite element method, a finite-element representation is applied only in the radial direction, whereas the horizontal dependency is represented in a more analytical form based on tensor spherical harmonics. Because the deformation field is computed globally, the effects of curvature and self-gravitation are treated in a more natural manner. In the incompressible case, the same method has already been applied to calculate post-seismic relaxation (Tanaka et al. 2009 ). However, whether this method is valid for the compressible case has not yet been confirmed. Conventional finite-element methods are powerful tools that can consider effects including more complex heterogeneities in the material properties and geometry (e.g. Masterlark & Hughes 2008 ). However, due to the computational costs, deformation is not always solved globally, which causes an imbalance of gravitational effects, and artificial boundary conditions are usually added to avoid this imbalance (e.g. Cohen 1994; Wang et al. 2001; Hu et al. 2004) . Conversely, the spectral-finite element approach does not consider the effects of laterally heterogeneous elasticity and density; instead, it treats the gravitational effects more accurately. Therefore, this approach is not only useful to calculate gravity changes that are suitable for comparison with satellite gravity data but also to confirm the accuracy of approximations for the effects of gravitation (and sphericity) in ordinary finite-element modelling. In addition, effects due to lateral heterogeneities in elasticity and density in such large-scale gravity field variations would be generally smaller than in the surface displacement fields. Fu & Sun (2008) reported that the effects of lateral heterogeneity of density on coseismic gravity changes are less than 1 per cent. However, viscosity in a subduction zone can change by at least one order of magnitude due to the presence of a slab. For an incompressible continuum the spectral-finite element method was already applied by Klemann et al. (2007 Klemann et al. ( , 2008 in order to study the effect of lateral viscosity variations on surface displacement induced by glacial isostatic adjustment.
The aims of this study are as follows: in order to use GRACE data more effectively for separating the post-seismic deformation mechanisms, a calculation method that simultaneously considers sphericity, self-gravitation and a 3-D viscosity structure is necessary. To achieve this aim, the spectral-finite element method for the calculation of post-seismic deformations for the incompressible case (Tanaka et al. 2009 ) is extended to the compressible case (Section 2). Furthermore, to consider transient behaviour, also a Burgers rheology is incorporated. In order to show the validity of the developed method, separation of post-seismic deformation mechanisms is conducted for the 2004 Sumatra-Andaman event (Section 3). It will be particularly emphasized that, focusing on spatial patterns in GRACE gravity fields, facilitates to discern the effects due to afterslip and viscoelastic relaxation. Finally, the results are summarized and discussed in Section 4.
THEORY

Governing equations and boundary conditions
The differences that arise from introducing compressibility and the Burgers rheology appear in the constitutive law. The other processes including the numerical computation using the finite elements are the same as in the incompressible case with Maxwell rheology (Tanaka et al. 2009 ). Therefore, only the main points are outlined in this paper except for the constitutive law. For convenience, eq. (I-#) denotes eq. (#) in Tanaka et al. (2009) .
The momentum and Poisson's equation for viscoelastic deformation of an initially hydrostatically prestressed self-gravitating sphere are given as divτ − ρ 0 gradφ 1 + div(ρ 0 u)gradφ 0 − grad(ρ 0 u · gradφ 0 ) = 0, (1)
(e.g. Dahlen 1974 ) (the same as eqs I-1 and I-2), where u, φ, τ and G represent the displacement, the gravity potential increment, the stress tensor and Newton's gravitational constant, respectively, ρ 0 = ρ 0 (r) is the initial density, r is the radial distance from the centre of the Earth, and the hydrostatic and perturbed states are expressed by the subscripts 0 and 1, respectively. In the earth model, the structure of elasticity and density is assumed to be spherically symmetric. The constitutive law for the compressible case is represented aṡ
where represents the strain tensor and λ, μ, K and η are Lamé's constants, the bulk modulus and the dynamic viscosity, respectively (Hanyk et al. 1995; Tanaka et al. 2011 ).
The constitutive law for a Burgers body is presented by Peltier (1981) as
where a Maxwell and Kelvin-Voight body are connected in series. There, μ 1 and η 1 are shear modulus and the dynamic viscosity for the Maxwell element and μ 2 and η 2 for the Kelvin-Voigt element, respectively. When η 2 = ∞ and B = C = 0, the constitutive law for a Maxwell body is obtained (eqs 3-6). The rheological law in eq. (7) The boundary condition at the free surface (r = a) is obtained by replacing a surface density with zero in the boundary condition for a surface load (sections 2.2-2.4 in Tanaka et al. 2011) :
where the symbol [ f ] + − indicates the jump of quantity f on the free surface and a superscript +( − ) denotes the evaluation of f on the exterior ( interior) side [I-(19) - (21)]. The boundary condition at the core-mantle boundary (r = b) is also the same as for a surface load, which is given as
where n is a unit vector normal to the interface. The inner core is ignored and an inviscid incompressible fluid core is assumed for r ≤ b. The solution domain is restricted to b ≤ r ≤ a for reducing computational costs because deformations for shallower portions are more important in calculating post-seismic relaxation at the surface.
The boundary condition at the seismic source is formulated by double-couple forces equivalent to a point dislocation (section 2.2 of Tanaka et al. 2009 ). The representation of the source condition does not depend on the bulk modulus and coincides with the representation for the incompressible case. The Heaviside function is employed for the time variation of the dislocation. At the source, the given dislocation must be constant, which requires that the right-hand side of eq. (7) 
However, when the source is placed in the elastic lithosphere, this time variation is negligible (A = B = 0).
Time-differencing scheme
In the governing equations, time derivatives appear only in the constitutive law. Defining the elastic part of the stress as τ E = λ (divu) I + 2μ 1 and applying the second-order explicit scheme (forward), the following time evolution formula is obtained:
trτ
The choice of this differencing scheme simplifies the structure of the linear algebraic system associated with the elastic part of the deformation (the left-hand side of eq. 16), although the time step must be sufficiently small so that numerical stability is ensured [see section 3 in Martinec (2000) and Section 2.5 in this paper].
Due to the addition of the Kelvin-Voight element, the viscous part of the stress at time step i, τ V,i , depends on the field variables at time step i − 2, and the coefficients of the strain and stress tensors differ from the case for the Maxwell body. Except from this, the above form is substantially the same as that for the Maxwell body. In particular, eq. (10) takes the same form as eq. (7) of Tanaka et al. (2011) . By this similarity, the representation of the variation of the dissipative energy, which will be introduced later (i.e. δF diss ), remains unchanged from the case of surface loading (Tanaka et al. 2011) . It follows that the computation code for the Burgers body can be obtained by only modifying the explicit time differencing scheme considered for the Maxwell body.
The initial value at t = 0 or i = 0 can be taken as
The first equation above implies that 0 is equal to the instantaneous response to the Maxwell element, as τ E does not include μ 2 and η 2 . At t = 0, the viscous dissipation at the previous time step, τ V,−1 , is zero. It follows that the strain caused by a coseismic deformation, 0 , is obtained by solving the force balance with double-couple forces represented in a weak form. Once a coseismic deformation is computed, the viscous dissipation at i = 0 can be determined and considered in the next time step (eq. 11).
Weak formulation and energy functional
The viscoelastic deformation at each time step is obtained by solving the following variational equality in the weak formulation that consists of the energy functionals associated with the elastic deformation, self-gravitation and uniqueness of the solution and the linear functionals associated with the viscous dissipation and the boundary conditions (Martinec 2000) :
where i denotes the ith time step, δ a variation and
where the symbol : denotes the double-dot product of tensors and δ the strain tensor computed by the test function, δu. The representation of the variations associated with the gravitational energy and the uniqueness of the solution is given in Martinec (2000) . The variation of the dissipation term on the right-hand side of the variational equality is represented as
and the variations for the interface conditions are
where ρ c and g 0 (b) denote the density of the liquid core and the unperturbed gravitational acceleration at r = b, respectively, and φ
is the perturbed gravitational potential on the exterior (interior) side of the interface at r = a(b) (Martinec 2000) . δW represents the contribution from a dislocation with an arbitrary mechanism (i.e. the moment magnitude and the dip, strike and rake angles; Tanaka et al. 2009 ).
Spectral-finite elements and evaluation of the dissipative energy
In the spectral-finite element method, the angular dependence of the field variables are decomposed by vector and scalar spherical harmonics, as follows: Martinec (2000) . The test functions are expanded in the same manner.
The radial dependence of the expansion coefficients is approximated by a linear combination of the piecewise linear base functions:
where P denotes the number of subintervals for b ≤ r ≤ a, and ρ 0 (r), λ(r) and μ(r) are approximated by piecewise constant functions such as ρ 0 (r) = ρ k for r k ≤ r ≤ r k + 1 (eqs 72 and 75 in Martinec 2000) . The unperturbed gravitational acceleration at the kth radial interval is given as
The strain tensor is also expressed in terms of the spectral-finite 2000) . Because of the assumption of spherical symmetry for the density and elastic structure, the angular dependence in the left-hand side of the variational equality (eq. 16) vanishes after performing the surface and volume integrations. The elastic part of the stress tensor (τ E,i+1 in eq. 11) can also be represented by the spectral-finite element coefficients as in the strain tensor. On the other hand, the angular dependence of the viscous part of the stress tensor τ V,i is numerically evaluated at 2-D latitude-longitude gridpoints. When the viscosity is laterally inhomogeneous, the spheroidal and toroidal coupling occurs in the integration over the angular variable in the dissipation term (eq. 17) at each time step. The integration over longitude is performed by the fast Fourier transform and the integration over latitude is carried out by the Gauss-Legendre quadrature formula (Martinec 2000) . The integration over each interval of r is carried out by means of the two-point Gauss-Legendre numerical quadrature (section 4.5 in Press et al. 1992) .
The spectral-finite element representation of the source term (δW i+1 in eq. 16) is given in I- (74)- (88). The double-couple forces for a point source are expressed in terms of spherical harmonic expansion coefficients. As in the variations in the left-hand side (eq. 16), the integration over the angular variable can be performed analytically. The resultant forces depend on the location of the source (latitude, longitude and depth), the moment magnitude and the strike, dip and rake angles of the infinitesimal fault. The forces are imposed at the k − 1, k and k + 1th layers at each time step. A finite fault is approximated by a set of point sources. For the sake of completeness, the specific representation of δW i+1 for arbitrary focal mechanism is listed in the Appendix A.
The linear algebraic system
The above spectral-finite element representations are substituted into the variational equality (eq. 16). From the condition that the equality holds for all test functions (δu and δφ 1 ) at each time step, the following linear algebraic equation is finally obtained:
where
. . , P + 1) denotes the solution at the current time (i + 1) and A is the timeindependent matrix and b i+1 0 represents the prescribed boundary and source conditions. x i in the right-hand side means that the dissipation term is computed using the solution at the previous time step. Because of the spherical symmetry of the density and elastic structure, the matrix A has a band-diagonal form (section 10 in Martinec 2000) . The form of A is the same as for a surface load in the compressible case with Maxwell rheology. The difference arises only in the right-hand side of eq. (22): the source condition and the time-evolution formula of the viscous part of the stress tensor (eq. 12). The above linear algebraic system is solved by the routines BANMUL and BANBKS based on LU decomposition (Press et al. 1992 ).
Confirmation
Test for Maxwell rheology
First, the above formulation is validated with a compressible Maxwell body for which the solution to the same governing equation can be obtained with alternative methods. Considering that the approach is applied to variations in the gravity field, potential changes (or geoid height changes) at the surface are compared. They are represented by φ 1 (r = a) or φ 1 (r = a)/g 0 (a). The latter will be compared with satellite observations in Section 3.
As a first step, elastic deformation is confirmed. The analytical solution to an internal dislocation in a spherically symmetric Earth can be obtained by the methods of Gilbert & Backus (1968) and Takeuchi & Saito (1972) or transforming the analytical solution to a surface load (Love 1911; Wu & Peltier 1982) with the reciprocity theorem (Okubo 1993) . Here, the latter approach was used. The potential change caused by a point dislocation with an arbitrary fault mechanism can be represented by superimposing the changes caused by three independent fault mechanisms (eq. 78 of Okubo 1993) when the fault normal vector and the slip direction is orthogonal (i.e. the fault opening and a Mogi source are not considered). Table 1 shows the geoid height change caused by a point dislocation buried at a depth of 31 km for spherical harmonic degrees 2, 20, 50 and 100. The density and the elasticity constants μ and λ are obtained by averaging those of the PREM (Dziewonski & Anderson 1981) over the five layers above the core-mantle boundary (Table 4 ). The liquid core is assumed below the core-mantle boundary. The radial intervals between the finite elements, r, are also shown in the table. These intervals are almost similar to those used in the incompressible case (table 2 of Tanaka et al. 2009 ). The three independent mechanisms are taken as I: horizontal strikeslip on a vertically aligned fault, II: vertical dip-slip on a vertically aligned fault, and III: dip-slip on an inclined fault with a dip angle Table 1 . The fault mechanisms of the point dislocation used for validating the computational method. The last two columns denote the colatitude and longitude of the observation site at which the geoid heights are compared in Table 2 . A comparison between the geoid height changes caused by coseismic deformation of the 6-layer model (Table 3) at the displayed spherical harmonic degrees, j. The unit is metre and the moment magnitude is normalized using UdS = 1 m 3 . Table 3 . The earth model parameters used for the confirmation of the elastic response in Table 3 . of 45
• . The specific strike, dip and rake angles and the positions of observation sites at which the computed results are compared with the analytical solutions are shown in the table. The relative difference from the analytical solution is less than approximately 0.1 per cent. Compared with a similar comparison in the load Love numbers (Tanaka et al. 2011) , however, these differences are 3-12 times larger. This might be due to the fact that the source term is more complicated in the dislocation problem. In the case of surface loading, a single vertical force is applied to the surface layer and only the spheroidal motion is excited. In contrast, the source term Table 4 . Fault model parameters determined by inversion of the GRACE data. The geometry of the faults is described in Banerjee et al. (2007) . The asterisks attached to the numbers denote the fault planes extended downwards to infer afterslip. This study Banerjee et al. (2007 for a dislocation consists of more than one force, having different directions, and they are applied to different depths. As a result, both spheroidal and toroidal motions occur. A typical coseismic gravity change generated by a great earthquake is 1-10 µGal at wavelengths of ∼400 km when observed by the GRACE ( fig. 3 in Matsuo & Heki 2011) . Considering that the uncertainties of temporal variations in the gravity field derived from the GRACE data amount to 1-2 µGal (Section 3) and the advantage that the method enables us to consider the effects of compressibility that exceed 10 per cent (Tanaka et al. 2006; Cambiotti et al. 2011 ) and 3-D viscosity distributions, the price of the above error in the theoretical estimate would be practically acceptable for general modelling. Next, the viscoelastic deformation is analysed using the method of Tanaka et al. (2007) . This method uses a numerical inverse Laplace integration to obtain a post-seismic viscoelastic response of a spherically symmetric earth model. As a practical example, the geoid height change caused by the 2004 Sumatra-Andaman earthquake is estimated. As an initial value for calculating viscoelastic relaxation, the coseismic slip distribution of Chlieh et al. (2007) is adopted. The rectangular fault planes are approximated by 200 point sources on which the rake angles and slip amounts vary in space. The locations of the sources are drawn by small open circles in Fig. 1 (t = 0) . As an earth model, PREM with an elastic lithosphere of thickness of 50 km is employed. Below the lithosphere, the viscosity is 10
19 Pa s throughout the mantle, which is assumed to be Maxwell viscoelastic. The number of the layers is approximately 1000, and the density and elastic parameters at each layer is determined, using the interpolation equations in PREM. In the finite-element computation, the radial intervals are the same as before. The time step in the computation of the time evolution is 0.1 yr. Fig. 1 shows the result obtained by the spectral-finite element approach. Here, t = 25 − t = 0 denotes the deformation at t = 25 (yr) minus the instantaneous elastic change. The cut-off degree is 100, and only the deformation of the solid Earth is considered. No spatial filter is applied to the result. It can be observed that the geoid height increases at t = 0 and decreases after t = 0 near the source area at this cut-off degree. As will be demonstrated in Section 3, when the cut-off degree is decreased to 50 and the effects from the ocean mass redistribution by the ocean bottom deformation are added, the sense of the dominant change becomes opposite. Fig. 2 shows the profiles of the geoid height change on dotted lines A and B in Fig. 1 . The result from the alternative method (Tanaka et al. 2007 ) is superimposed. The comparison method has relative uncertainties of a few per cent (Tanaka et al. 2007 ). Relative errors due to the finite-element approximation in the presented method can be estimated by comparing the computed results for smaller discretisation intervals for the radial coordinate. When reducing the sizes described in the above by one-half, the largest differences on line A become 0.07 mm at t = 0 and 0.15 mm at t = 50 yr. Considering the computational errors in both methods, the results in Fig. 2 appear to agree with one another within the errors. The above result indicates that the spectral-finite element representation is correct for the special case of η 2 = ∞.
Test for Burgers rheology
In the case of a Burgers body, the solution to the identical governing equations for a spherical earth model has not yet obtained. Therefore, the representation of the time evolution formula is self-checked using the spectral finite-element method, using a 1-D (i.e. spherically symmetric) model. In Section 2.4, it was mentioned that the dissipation term is evaluated by a numerical volume integration. However, when the viscosity structure is 1-D, the integration over the angular variable can be performed analytically, using the orthogonality of the tensor spherical harmonics. For this reason, an alternative finite-element representation can be used in the 1-D case (see Sections 8 and 9 of Martinec 2000, for the details). By comparing the result obtained using the 3-D routine with that obtained using the 1-D routine, the correctness of both representations can be tested. In the gravity change patterns presented in Section 3 (Figs 9c, d and 12), the agreement is within at least 1 per cent in the gravity field changes. Relative errors in the finite-element calculation can also be estimated, as in the above-mentioned case of Maxwell material. The reference values of r are the same as before. The largest differences in gravity change that appear when decreasing r by one-half are 0.04 µGal at t = 0 and 0.26 µGal at t = 6.5 yr above the source area. These values are less than the observational noises of the GRACE.
From the above confirmations, the developed method is considered to have sufficient computational accuracy for practical use. that different observation techniques other than satellite gravity are combined to study post-seismic deformation mechanisms. A coseismic slip distribution model serves as the initial value for computing viscoelastic relaxation. This viscoelastic effect is subtracted from the observed data, and afterslip is inferred against the remaining signal. Therefore, the adopted coseismic fault model affects the estimates of both viscoelastic relaxation and afterslip. In this study, to exclude the possibility that combining data obtained by different observation techniques can produce differences in the inferred mechanisms, only GRACE data are analysed. A coseismic fault model is re-evaluated by inverting GRACE data. Post-seismic deformation mechanisms are investigated in this section by comparing observed spatial patterns in the gravity field with theoretically predicted patterns of afterslip, viscoelastic relaxation, poroelastic rebound and so on. Moreover, the effects of the laterally heterogeneous viscosity structure due to the presence of a slab on viscoelastic relaxation are presented. Differences between the results obtained in this study and those derived from previous studies are discussed in Section 4.
GRACE data
To extract space-time variations in the gravity field associated with co-and post-seismic deformations, GRACE Level-2 products are analysed, using a method that is similar to Hasegawa et al. (2009) . The Level-2 data are provided by different data analysis centres in the form of monthly Stokes' coefficients. In this study, results from the CSR and the GFZ are employed. The raw data are corrected for the effects of continental water and ocean circulation with the Global Land Data Assimilation System (GLDAS) and Estimating the Circulation and Climate of the Ocean (ECCO) models, respectively. These models are available at the NASA website: http://disc.sci.gsfc.nasa.gov/services/grads-gds/gldas and http://ecco.jpl.nasa.gov/datasets/kf080/. To determine the effects of using different correction models for continental water, results obtained using the Community Land Model (CLM; Dai et al. 2003) and the Noah model (Chen et al. 1996; Koren et al. 1999 ) are compared (i.e. four gravity fields are obtained per month: CSR-CLM, CSR-NOAA, GFZ-CLM and GFZ-NOAA). Artificial striping noises that appear in the N-S direction in the resultant gravity variations are decorrelated and filtered using the method of Swenson & Wahr (2006) and the Jekeli's Gaussian averaging function (Jeke 1981), respectively. The radius for the latter is set to 400 km, and the cut-off degree is set to 50. Fig. 3 shows the observed time-series for gravity changes during the 2003-2011 period at four sites near the epicentre. The results for the four combinations of the gravity fields are plotted by the colour lines. The differences between the hydrological models at these sites are smaller than 1 µGal throughout the whole observation period and the underlaid blue (CSR-CLM) and green (GFZ-CLM) lines almost cannot be distinguished from the respective NOAA curves.
Observed gravity change patterns
Coseismic change
The differences caused by the products of the different analysis centres are larger (1-3 µGal). However, the longer-term (greater than 1 yr) trends closely agree with one another. When averaging the annual average values for the four cases, the standard deviations become less than 1 µGal (Fig. 3) .
The coseismic change due to the Sumatra earthquake can be estimated by subtracting a reference gravity field before the event from the gravity field after the event. Considering deviations in the monthly gravity changes in a single year shown in Fig. 3 (±1-3 µGal The gravity change obtained by subtracting the reference gravity field from those for the period A is shown in Fig. 4 and from those for the period B is shown in Fig. 5 by the larger negative anomaly to the northeast and the smaller positive anomaly to the southwest of the source area. As observed in the time-series data (Fig. 3) , the patterns of (b) and (c) agree with one another within 1 µGal, indicating that the differences in the hydrological models are minor. The difference between the analysis centres are larger, and the peak value of the negative anomaly is 2 µGal lower in (a) than in (b). The peak location of the positive anomaly to the southwest is also shifted to the south in (a) compared with the case in (b) by approximately 2
• . These plots demonstrate that the analysed gravity changes obtained using the 3-month postevent data have uncertainties of 1-2 µGal. difficult to discern the post-seismic signal. In the following discussion, the annual average values of the mean of the four data sets are used to improve precisions of the observed gravity changes, which means that the substantial temporal resolution of the observed gravity changes becomes longer than 1 month. In Fig. 3 , time-series plots of the annual averages of the four combinations are shown in panels below the respective time-series. It follows that the coseismic change is included in the difference that arose between 2004.5 and 2005.5. The change during this period is clearly larger than the uncertainties (the error bars indicate standard deviations between the four combinations and are often masked by the diamond icon).
Post-seismic change
From the time-series plots in Fig. 3 , a transient gravity change signal can be identified during the 2005-2011 period. Fig. 6 shows the spatial patterns of the transient changes during the presented four periods after 2005.5. In Figs 6(a-d) , the single positive anomaly is commonly observed at the source area. The total change cumulates to 7 µGal during 6 yr (Fig. 6a) , and approximately one-half of this change occurred until 2008.5 (Fig. 6b) 
Theoretical interpretations of the observed results
Coseismic change
First, the coseismic gravity change is estimated by applying fault models determined by other observation techniques as from previous studies. Figs 7(a) and (b) show the results computed by the method presented in Section 2 with the fault models of Ammon et al. (2005) and Banerjee et al. (2007) . The former and the latter are used in de Linage et al. (2009) and Panet et al. (2010) , respectively, for estimating gravity changes. For the latter, the fault parameters of model C in table 2 of Banerjee et al. (2007) are employed. The density and the elastic structures are those of PREM. In addition to the gravity change due to the deformation of the solid Earth, a redistribution of ocean mass caused by the vertical deformation of the ocean bottom is considered. The necessity of correcting the effect due to the ocean mass redistribution is stated, for example in de Linage et al. (2009) and Broerse et al. (2011) . The effect of the horizontal deformation of the ocean bottom is more than one order of magnitude smaller than the effect of the vertical deformation (Appendix B) and is neglected in the following discussion. The cut-off degree and the radius of the filter are the same as for the GRACE data (50 and 400 km). The spatial patterns predicted by the theory for both fault models appear to reproduce the observed pattern in Fig. 5(d) . However, these estimates consider only the effects of coseismic change. Banerjee et al. (2007) presents a fault model of afterslip during the first 50 d after the main event and that of the coseismic slip for the 2005 March 28 Nias Earthquake (Appendix C). Fig. 7(c) shows the sum of the coseismic gravity change due to the main event (Fig. 7 b) and the gravity changes caused by these two processes. Comparing Figs 7(b) and (c), both the negative and the positive anomalies are enhanced by approximately 1 µGal. Fig. 7 (c) appears to explain the observed pattern better. However, when subtracting the pattern shown in Fig. 7(c) from the observed pattern shown in Fig. 5(d) , the result is shown in Fig. 7(d) , a systematic difference appears near the source area with an amplitude larger than the uncertainties of the annual average values (<1 µGal). A similar negative change exceeding the observational errors is also observed for the case with the fault model of Ammon et al. (2005, figure not shown).
Assuming that the fault model inferred from GPS data (Banerjee et al. 2007 ) is accurate, this systematic pattern should be reproduced by the post-seismic deformations that occurred until 2005.5. Fig. 8 shows the gravity-change patterns predicted by afterslip, splay fault and poroelastic rebound. Fig. 8(a) represents the change expected from afterslip during the first 0.5 yr. It is assumed that during the first 50 d the afterslip distribution on the fault planes which extend downward from the coseismic rupture zone (Banerjee et al. 2007) remains the same and that the temporal evolution of the slip follows log (t) (Marone et al. 1991; Hashimoto et al. 2006) . In other words, Fig. 8(a) can be obtained by multiplying a factor of log 0.5 yr log 50 d −1 to the gravity change calculated for the afterslip model of Banerjee et al. (2007) . This pattern is positive at the source area and, therefore, cannot explain the large negative anomaly visible in Fig. 7(d) . Fig. 8(b) shows the coseismic change due to a splay fault near the surface. This fault model is constrained by geodetic data (Banerjee et al. 2007 ) and the inferred pattern does not agree with that in Fig. 7(d) , either. Hughes et al. (2010) reported that the 2005 Nias earthquake could be triggered by poroelastic deformation due to the 2004 event. Fig. 7(c) shows the gravity change caused by a hypothetical large-scale poroelastic rebound that occurs within the whole crust of 50 km thickness. If poroelastic rebound is limited only near to the surface, the gravity change that exceeds 1 µGal cannot be reproduced. The gravity change by the poroelastic rebound is computed by considering only the initial and equilibrium states. PREM is applied. The resulting change is positive above the source area. By way of experiment, a poroelastic rebound in the mantle can be considered. Fig. 7(d) shows the result for the case in which Poisson's ratio for the depth range from 50 to 350 km is decreased by 0.1 at the initial state. Only by this hypothetic poroelastic rebound mechanism, a pattern similar to the observed negative anomaly can be generated. Independent observations supporting this mechanism have not been found. From the above consideration, there is some evidence that the fault models determined by the GNSS and the seismic observations are not necessarily consistent with the GRACE observations. Inconsistency between the results from the GNSS and seismic observations has also been reported (Ammon et al. 2005) .
Coseismic slip distribution inferred from GRACE data
The above result implies that the fault model can be improved by incorporating GRACE data into the analyses of the ground deformation data. In this study, as a first step, only GRACE data are employed. The slips and their directions on the 15 rectangular fault planes in table 1 of Banerjee et al. (2007) are redetermined by the least-squares method. The 15 rectangular faults are approximated by 540 point sources in total. Green's functions of the dip and strike components of slip are computed for each point source by the presented method and the other parameters (such as the strike and dip angles of the faults) are fixed. Because parameters are the same on each rectangular fault, no smoothing and constraints are applied to the slip inversion. The observed gravity change until 2005.5 (Fig. 5d ) is discretized on a 2
• × 2 • grid in the range from 85
• E to 105 • E and from −5 • N to 10 • N is used for the inversion (i.e. 121 observation sites). Note that the fault planes include extended portions from the coseismic rupture zones, which indicates that the sum of the coseismic slip and afterslip until 2005.5 is inferred. Table 4 shows the inferred fault parameters. A significant difference from the coseismic slip distribution of Banerjee et al. (2007) is that the slips on the additional faults, which are used to explain afterslip, have non-zero values due to an observation-period expansion of approximately 0.5 yr. The sum of the products of the slip and area for the 15 faults, UdS, shown in the last line of Table 4 , increased from 1.5 × 10 12 to 1.8 × 10 12 m 3 . The increase in UdS corresponds to a moment magnitude of 8.6 when the rigidity of the crust, μ c = 30 GPa. The obtained rake angles for subfaults numbers 1-8 are 74
• -88
• , and, so, by approximately 20
• smaller than those of Banerjee et al. (2007) . The rake angles in Banerjee et al. (2007) agree with background plate motions and the seismically derived slip models, and their uncertainties are 5
• -8
• . In our inversion, the sensitivity for the rake angles is very low. A change in rms by only 0.01 µGal would allow to increase the rake angles of all subfaults. Furthermore, the differences in the rake angles from those in Banerjee et al. (2007) become larger with distance northward along the rupture. The horizontal displacement at 94
• E and 14
• N can be computed using the method of Tanaka et al. (2007) . The NS and EW components are (−0.30 m, −0.83 m) when our slip model is employed and (+0.14 m, −1.47 m) when the rake angles are increased by 20
• . The difference in the displacements is large enough to be detected by GPS. This means that the cosesismic slip distribution determined only by GRACE is still inconsistent with the result determined by GPS. Cambiotti et al. (2011) explained the coseismic gravity change computed from GRACE data by changing the depths and the dip angles of a seismic source model (Tsai et al. 2005) , implying a further inconsistency between the GRACE and seismic data. Fig. 9(a) shows the gravity change computed by the inferred fault model, indicating that the negative anomaly in the observation (Fig. 5d) is well reproduced. However, the positive anomaly observed to the southwest disappears. Subtracting the patterns in Fig. 9(a) and the coseismic change by the Nias event (Fig. C1) from the observed pattern (Fig. 5d) , a positive gravity change of approximately 6 µGal is observed over the source area (Fig. 9b) . The afterslip pattern (Fig. 8a ) cannot explain this positive anomaly because an increasing afterslip will generate a larger negative change to the northeast than a positive change just above the source area. Fig. 8(a) indicates that the amplitude of the negative change is approximately 1.5 times larger than the positive one.
Post-seismic relaxation
The remaining positive anomaly until 2005.5 (Fig. 9b) appears to be similar to the transient gravity change patterns observed after 2005.5 (Figs 6a-d) . The change before 2005.5 may also be explained by the same mechanism as for the change after 2005.5. In the following discussion, it is shown that the positive changes observed during the whole observation period can be interpreted by viscoelastic relaxation with Burgers rheology. An alternative interpretation of the change before 2005.5 is that this change was caused by diffusion of mantle water immediately after the Sumatra event (Ogawa & Heki 2007) . Viscoelastic relaxation by the coseismic slip and the afterslip of the main event can be estimated using the fault model determined by the inversion (see Fig. 9a and Table 4 ). The temporal evolution of the afterslip is neglected, and it is assumed that the afterslip occurred simultaneously with the coseismic slip. A contribution from the coseismic slip of the Nias event and its viscoelastic relaxation is computed using the fault model of Banerjee et al. (2007) . Because the temporal resolution of the observation data is 1 yr, this contribution is added at and after 2005.5, although it occurred before 2005.5. Afterslip of the Nias event is neglected here as it would be smaller than the coseismic gravity change of 1 µGal, which cannot be discerned by GRACE. The elasticity and density structure is that of PREM. The viscosity distribution is also assumed to be spherically symmetric. The thickness of the elastic lithosphere is set to 70 km. A similar value of the lithosphere thickness (60 km) is used in Panet et al. (2010) for explaining the post-seismic GRACE geoid change. Burgers rheology is assumed from a depth of 70 to 300 km. Below 300 km, the viscosity is set to 10 21 Pa s. In the unlikely case, that the viscosity below 300 km is as low as the viscosity in the overlying layer, the computed positive anomaly above the source becomes broader, and the surrounding zero contour line moves outside by approximately 1000 km. This is in contrast to the observed pattern (Fig. 6a) indicating the area with positive change to be bounded from 90
• E to 100 • E. In the viscoelastic layer, μ 1 = μ 2 is assumed to reduce the number of parameters (eq. 7). The viscosities, η 1, 2 , are determined by trial and error so that the maximum of the positive anomaly in the predicted gravity change during the periods before 2005.5 and from 2005.5 to 2011.5 become as close as possible to the observed ones, Fig. 9(b) and Fig. 6(a) , respectively. To be exact, the coseismic change from the Nias event in Fig. 9 (b) must be added back. However, its effect is small and almost negligible in the determination of the parameters. Using this method, η 1 = 6 × 10 18 Pa s. However, an additional mechanism for the short-term positive anomaly is required, as stated in Ogawa & Heki (2007) . Fig. 10(a) shows the gravity change at 2005.5, calculated with the above-mentioned model based on Burgers rheology. By adding the short-term relaxation, the positive anomaly in Fig. 9 appears that the model based on Burgers rheology better explains the observed pattern shown in Fig. 5(d) than the model where only coseismic slip and afterslip is considered (Fig. 9a) .
By subtracting the pattern of Fig. 10(a) from Fig. 5(b) , the misfit between the model and the observation is drawn in Fig. 10(b) . A negative gravity change of approximately 3 µGal remain above the east of the source area, which cannot be explained by the model. To the southwest of the source area, a broader positive anomaly of approximately 1 µGal is observed. This pattern with the larger negative and the smaller positive changes is also observed in the difference between the model and the observation at 2011.5 (Fig. 10c) . This pattern can be explained by an additional afterslip (Fig. 10d) . The change in Fig. 10(d) is computed using the fault model determined by the inversion (Fig. 9a) but with the slips for depths shallower than 30 km set to zero. The pattern in Fig. 10 (d) appears to reproduce the patterns in plots b and c, which indicates that the model can be further improved by including this additional afterslip in the fault model. The validity of the moment release by this additional afterslip is discussed in Section 4. Fig. 11 shows time-series plots of the model excluding and including the additional afterslip (the red and the purple lines, respectively). The observed data are also superimposed by blue points. The observed value at 2004.5 is taken as zero because it represents the reference state before the earthquake. By considering the offset by the additional afterslip to the coseismic step, the agreement with the observation becomes much better at the east side of the source, where the remaining negative signal (Fig. 10b) was larger (Figs 11b-d) .
Influence of the subducting slab
Finally, effects due to the presence of an elastic subducting slab on viscoelastic relaxation is estimated. Figs 12(a) and (b) show the difference between 1-D and 3-D models at 2005.5 and 2011.5, respectively. The 1-D model is the same as before. In the 3-D model, the lateral heterogeneity in viscosity that is shown in Fig. 12(c) is considered. The elastic slab has the same thickness as the lithosphere (70 km) and subducts towards the direction normal to the average strike angle of the faults (330
• ). The width of the slab is ±3000 km from the centre of the source in the direction of N30
• W and N150
• E. In the 1-D model, gravity increases above the source area (Figs 9c and d) . Fig. 12(a) indicates that the increase is reduced by 10-15 per cent in the presence of the slab. Moreover, the gravity decrease to the northeast in Fig. 9(c) is also weakened by approximately 20 per cent. Southwest of the source area, significant differences are not observed between the 1-D and the 3-D models. Beneath the source area and in the deeper portion in the northeast, elasticity of the slab reduces the effective viscous dissipation within the asthenosphere, which decreases the amplitudes of the gravity changes at the Earth surface. The same feature is also observed in the incompressible case (Tanaka et al. 2009 ). The difference due to the slab is smaller than 1 µGal at the wavelength of 500 km, which does not affect the above-mentioned inference regarding the mechanisms of the post-seismic deformation.
D I S C U S S I O N A N D C O N C L U S I O N S
By analysing the Release-05 GRACE level-2 products, co-and post-seismic gravity changes due to the 2004 Sumatra-Andaman Earthquake were re-evaluated. In this analysis, annual averages of gravity changes from the different GRACE data analysis centres and ocean and hydrological models were used to obtain more robust spatial patterns of the co-and post-seismic gravity changes. Consequently, an obvious difference was revealed between the spatial pattern of the short-term change until 2005.5 (including the coseismic effect) and that of the long-term change after 2005.5. Spatial patterns in the gravity variations should be more effective to discern differences in the mechanisms than in the geoid height changes because the gravity variations reflect shorter-wavelength deformations. To utilize this feature, a new theoretical computation approach was developed, with which the spatial patterns of gravity changes derived from various co-and post-seismic deformation mechanisms were presented including coseismic slip, afterslip, viscoelastic relaxation, poroelastic rebound and splay fault.
The applied computational method is an expansion of the spectral-finite element approach of Martinec (2000) and Tanaka et al. (2009) to compute co-and post-seismic deformation in a self-gravitating Maxwell viscoelastic spherical Earth with lateral heterogeneities in viscosity, where compressibility is considered in the governing equations and the material law was extended to the second order linear Burgers rheology. Through this extension, the approach has yielded practical applications. The main advantage of this approach with respect to usually applied finite element models is that the effects of sphericity and self-gravitation are considered consistently by solving the global deformation problem. Computational results are represented in form of Stokes' coefficients, which can easily be compared with GRACE data that are provided in the same format. In this sense, we rate this method superior to known flat-Earth approaches, although the method is restricted to flat terrain and radial symmetry with respect to density and elasticity.
The comparisons between the GRACE data and the discussed deformation mechanisms indicated that (i) the fault models determined by the GNSS and the seismic wave observations in previous studies were not necessarily consistent with the GRACE gravity fields, (ii) the spatial pattern observed during the period until 2005.5 could be interpreted as a superposition of coseismic slip, afterslip and short-term viscoelastic relaxation due to a Burgers rheology, (iii) the pattern observed during the 2005.5-2011.5 period was mainly caused by viscoelastic relaxation and (iv) the 3-D effect on viscoelastic relaxation by considering an elastic slab has a minor impact on the assessment of the mechanisms.
One limitation of the present study is that the coseismic slip is simultaneously inferred with the afterslip during the period until 2005.5 because the GNSS data are not used in the analysis. Our results show that the moment magnitude released until 2005.5, including the contributions from the coseismic slip and the additional afterslip, is M w 9.2 for 2.3 (= 1.8 + 0.54) × 10 12 m 3 , which is 1.5 times larger than the coseismic moment release determined by the GNSS data (Banerjee et al. 2007 ) (M w 9.0 corresponding to 1.5 × 10 12 m 3 when μ c = 30 GPa). When subtracting this coseismic effect from the moment release estimated by the GRACE data, the release by the afterslip until 2005.5 becomes M w 8.9. From the GNSS data, Hashimoto et al. (2006) and Banerjee et al. (2007) estimated the moment release by the afterslip that occurred during the first 3 months and the first 50 d after the 2004 Sumatra event as M w 8.7 and 8.6 (corresponding to ∼3 × 10 11 m 3 when μ c = 30 GPa), respectively. The values of those studies were estimated without considering the short-term viscoelastic relaxation. Pollitz et al. (2006) explained the short-term GPS data almost solely by the Burgers model. Paul et al. (2007) showed that the moment release by afterslip until 2 yr after the Sumatra event may be larger than M w 7.5 by constructing a model where viscoelastic relaxation and afterslip were combined. Therefore, afterslip appears to be not yet robustly constrained even when using the GNSS data during this period. Our finding based on GRACE data reveals that the observed spatial patterns cannot be interpreted solely by afterslip or viscoelastic relaxation, although the amount and the spatial distribution of the afterslip and viscosity values can change slightly. The necessity of both afterslip and Burgers rheology agrees with the conclusion of Panet et al. (2010) based on the GNSS and GRACE data. The inferred viscosity (ν 1 = 6 × 10 18 , ν 2 = 6 × 10 17 Pa s) is also similar to their result (ν 1 = 8 × 10 18 , ν 2 = 4 × 10 17 Pa s). The moment release by afterslip during the period from 2005.5 to 2011.5 can also be estimated if viewing the gravity difference (i.e. Fig. 10c minus Fig 10b) as significant. Amplitudes of the positive and the negative anomalies in Fig. 10 (b) (+1 and −3 µGal, respectively) appear to be increased by approximately 1 µGal in Fig. 10(c) . Therefore, if we assume that one-third of the additional afterslip occurred during the 2005.5-2011.5 period, the moment release from 2005.5 to 2011.5 becomes M w 8.4. Studies have revealed that afterslip occurred in periods between 2005.5 and 2011.5. Paul et al. (2012) stated that inclusion of afterslip at depths immediately below the downdip terminus of coseismic rupture can explain the GNSS data obtained from 4 to 6 yr after the event better than models where only viscoelastic flow is considered. Panet et al. (2010) showed that an M w 8.2 afterslip which is distributed at depths from 30 to 85 km is necessary to explain the misfit between the viscoelastic relaxation model and the observed geoid data during the period from 2005 April to 2007 September. A physical mechanism to generate such a deep slip is proposed in Mikhailov et al. (2013) . Our results indicate that afterslip is distributed at depths from 30 to 50 km, as was originally proposed for the inference of afterslip by GNSS data (Banerjee et al. 2007 ). Although our slip distribution depths differ from those in Panet et al. (2010) , the moment magnitude estimated from the GRACE data is comparable. A possible reason for this is the choice of coseismic fault models. Panet et al. (2010) used the coseismic fault model determined by the GNSS data of Banerjee et al. (2007) , and analysed the post-seismic geoid change that occurred only after 2005.5. In our study, the coseismic fault model was redetermined to best account for the GRACE data and GNSS data were not employed.
From the above discussion, there are still uncertainties in determining the afterslip between studies using GNSS and GRACE data. However, it is likely that viscoelastic relaxation was occurring (at least after the year 2005.5 if Burgers rheology is replaced by Maxwell rheology). Fig. 13 shows the viscoelastic relaxation patterns obtained for the fault model determined by the GNSS data. Because the contribution of the viscoelastic relaxation is larger than the contribution of afterslip, the model can explain the observed spatial patterns of Fig. 9 (b) (shorter-term) and Fig. 6(a) (longer-term) to the same extent as Figs 9(c) and (d) can do, which means that the results from the GNSS and the GRACE are consistent with respect to the presence of a viscoelastic relaxation mechanism and apart from the resultant differences in afterslip distributions.
To resolve discrepancies in afterslip distributions, a simultaneous inversion of GNSS and GRACE data is required. To enable the consideration of the GNSS data, a code is under development to compute the displacement field, including the effects from the shorterwavelength deformation corresponding to higher-order spherical harmonic degrees. However, it has been demonstrated that valuable information to separate post-seismic deformation mechanisms can be obtained even from GRACE data only. A web application program based on the presented code for the computation of gravity changes for a spherically symmetric model will soon be available at the web site http://www.eri.u-tokyo.ac.jp/y-tanaka/. It is hoped that the computation method will be useful for investigating the postseismic deformation mechanisms of recent mega-thrust events.
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harmonics, S where ρ w , a, and r denote the density of water (=1000 kg m −3 ), the radius of the Earth, angular variables where the ocean mass increment is placed and the distance between the observation site and the mass increment. φ is the potential change due to the solid Earth deformation, which is negligible compared with the latter term. If the ocean floor is not flat, horizontal deformation pushes away the water so that
is added to eq. (B1), where the subscript h and H represent the derivation along the surface and the ocean bottom topography. The topography data can be obtained from the web site of the University of Alaska (http://www.gina.alaska.edu/data/gtopo-dem-bathymetry). In eq. (B2), the horizontal displacement can be expanded by spherical harmonics. By numerically computing ∇ h H and the coefficient of the spherical harmonics, eq. (B2) takes the form of Fourier transform, which gives the spherical harmonic coefficients of the potential on the left-side hand. The coefficients can be computed by an FFT. Fig. C1 shows the gravity change computed from eq. (B2). The change is observed near the epicentre where the horizontal displacement and the tilt of the topography is steep along the direction of the displacement. However, the change is smaller than 0.1 µGal when the same spatial filter and the cut-off degree is applied (Section 3). 
A P P E N D I X C : G R AV I T Y C H A N G E D U E T O T H E
